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Abstract— It is agreed that integrating Distributed Generation (DG) in electric power 
systems is a highly recommended practice for its great impact on the system. A sensitivity 
study is accomplished in this paper to analyze the optimal DG location and sizing. Although 
locating DG in radial distribution systems has been expansively studied in the literature, but 
in most cases the DG issue is treated as a nonlinear optimization problem. This formulation, 
of course, is subject to highly nonlinear constraints.  An improved Sequential Quadratic 
Programming (SQP) technique is applied to find the optimal DG Sizing pattern.  The SQP 
method is enhanced by integrating Radial Distribution Power Flow in order to fulfil the power 
flow necessities. The proposed equality constraint satisfaction approach drastically reduces 
computational time requirements.  A well-known 69–bus distribution system is utilized to 
demonstrate the performance of the proposed method. Optimal DG sizing and allocation with 
various power factor conditions is taken into consideration. The superiority of the proposed 
technique is proven by comparing the results obtained in this paper with those provided using 
other approaches.  
Index Terms— DG Optimal Placement and Sizing, Distribution Generation, Radial 
Distribution Power Flow, Sequential Quadratic Programming, Stability and Sensitivity 
Indexes. 
I.  Introduction 
The importance of the DG technology in electric power systems is recognized world-wide. 
This is driven by many factors including the electricity market considerations, power 
transmission bottleneck situations and global environmental aspects. It was documented  by 
some studies that around 25% of DG is integrated in the distribution networks of Germany, 
Portugal, Spain and the Netherlands and about half of the power demand in Denmark was 
supplied by DG as early as in 2003 [1]. 
Distribution Generation Optimal Size and Placement using an 
Enhanced Sequential Quadratic Programming   
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DG schemes incorporate small-scale generation units distributed within power system 
networks near load centres with a generated power ranging from one kilowatt to several 
megawatts [2].  DG industry involves various energy sources including conventional and 
renewable generation units. DG could be installed by utility companies or by the consumers 
themselves.  
One of the great impacts of DG on the power supply is the improving of its reliability and 
efficiency. Improving the voltage profiles and power factor of the system and reducing the 
losses and peak-period costs are also among these benefits.  Other positive impacts include 
enabling the full usage of the available distribution system capacity, which reduces the 
thermal effects on the feeders and other utilities. In addition, optimal DG is obviously a better 
option when considering the cost and environmental aspects in general. 
On the other hand, in spite of the various benefits of applying the DG techniques, there are 
always some negative side.  One of the drawbacks linked to DG is the voltage rise caused by 
the configuration of DG in radial distribution systems due to the bidirectional power flow in 
these systems [3]. Another problem associated with DG is the noisy environmental situations 
caused by the gas turbines or even by the wind blades located near residential zones.   
The DG placement and sizing problem is typically a nonlinear constrained optimization 
problem. A wide range of research papers have explored this problem and proposed numerous 
methods to solve it [4-8]. DG optimal allocation and sizing is in fact an ongoing research area.  
These methods include both classic, calculus-based, approaches as well as the recently 
introduced population-based techniques such as heuristic and artificial intelligent algorithms. 
As in the problem of the capacitor allocation, the 2/3 rule is commonly applied to the DG 
optimal allocation and sizing problem as in [9].  According to this approach and assuming a 
uniform distribution along the radial feeders, a DG is installed at 2/3 of the feeder length 
considering a 2/3 loading.  The weakness of this methodology is the unreality of assuming 
loads uniformly distributed along lengthy radial feeders.  
  Classical approaches, which are analytical ones, with their powerful convergence 
characteristics have been widely utilized to obtain the optimal, or close to optimal, DG sizing 
and allocation. Among these are linear programming, dynamic programming and interior 
point search methods [10-13] . More recently introduced nondeterministic techniques have 
also been utilized to solve the problem due to their recognized advantages despite their slow 
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convergence compared to those deterministic techniques. Among these are Genetic 
Algorithms, Simulated Annealing, Particle Swarm Optimization and Ant colony in addition to 
many  other heuristic techniques [14-26].  
In this paper, an Enhanced Sequential Quadratic Programming (ESQP) technique is applied 
to determine the near optimal allocation and sizing of DG units along a radial distribution 
system. The problem is formulated as a constrained nonlinear optimization problem. Power 
factor variation impact as well as sensitivity and stability conditions are also taken into 
account. The ESQP is designed by modifying the well-known Sequential Quadratic 
Programming (SQP) in such a way that the execution time is lessened and the high 
nonlinearities of the equality constraints are effectually taken care of.      
The reminder of the paper is organized as follows: section II provides the mathematical 
formulation of the DG problem. Section III describes the proposed solution methodology. 
Simulation results are demonstrated in section IV, and the conclusions are withdrawn in the 
final section. 
II.  Problem Formulation 
The problem of DG involves two parts; the first is the DG optimal allocation and the second 
is the optimal sizing.   
A.  DG optimal allocation 
In order to categorize the potential DG placement locations and identify the critical buses, 
two voltage stability indexes are considered. Subsequently, to explore these indexes, 
Thevenin equivalent is determined for the radial distribution networks as shown in Figure1.  
 
Fig. 1.  Thevenin equivalent of a load bus in radial distribution system. 
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The first of the two indexes mentioned above is the Impedance Ratio Index (IRI) which is 










  (1) 
where, ΔVi is the potential difference and VLoad is the load bus voltage. This index can be also 









  (2) 
In order to narrow the search domain of the potential buses, the IRI is utilized.  The buses 
with high IRI records are tagged as candidates. To determine the second index, the active 













where    is the real part and hence, the above equation can be rewritten as: 
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To maintain the stability of the network, the ratio of load to maximum delivered power must 
be limited to unity.  Therefore, the Real Power Ratio Index (RPRI), which is the second index 
indicated above, at the i
th

















This index is a measuring indicator for the sensitivity and stability of a specific bus. Those 
buses with higher collapse risk can be identified accordingly.   
In addition to the IRI and RPRI indexes, other sensitivity indexes considering both active 
and reactive power need to be investigated. The power loss is formulated as follows:   
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 are the sub-matrixes of the transposed Jacobian. 
Higher values of indexes indicate the bus sensitivity for both active and reactive power. 
B.  DG Sizing 
For such a nonlinear optimization problem, the objective function to be minimized 
represents the transmission real power losses expressed in equation (7): 
       LossesMinimize P  (11) 
This minimization problem is subject to many constraints including voltage magnitude upper 
and lower limits in addition to the operating power factor. These various constraints are 
expressed as follows: 
 
i oV V  
 (12) 
 
i o     (13) 
 
DG DG DGpf pf pf
    (14) 
where 
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  is the maximum permissible value, 
  is the minimum permissible value, 
o  is the nominal value, 
DGpf  is the DG operating power factor. 
  
The equality constraints are the nonlinear load flow equations: 
 0      2,3, ,iP i N    (15) 
 0      2,3, ,iQ i N    (16) 
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     is the imaginary part of complex quantity, 
ijY   is the Ybus ij
th
 element, 
ij ij ijY G jB  , 
i i iV e jf  . 
To guarantee that the DG size is limited the power provided by the substation so that the 
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where 
ijS  is the complex power flow transmitted from bus i to bus j, 
/S SS  is the substation complex power, 
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S   is the complex power maximum rating for distribution branch ij. 
   ij ij ijS S j S    
       
2
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ijy   is the admittance of distribution branch ij, 
ij : i j   
III.  Proposed Approach 
Modeling DG is usually implemented using the PV-controlled bus or PQ-bus. In this paper 
the PQ-bus model is considered.  
A.  Sequential Quadratic Programming (SQP) 
SQP approach is implemented to solve the DG problem considered in this paper. 
Consistent with this approach, the Lagrangian function of the optimization problem, which is 
nonlinear, is modeled as a Quadratic Programming (QP) sub-problem. Second and first order 
Taylor’s expansions are respectively used to formulate the QP sub-problem and to linearize 
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where d is the search direction and 
1k k k kx x d   is the next solution considering the step 
size [28].   
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where, H is the Hessian matrix.  
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B.  Enhanced Sequential Quadratic Programming (ESQP) 
The high nonlinearity associated with the objective function and constraints of the DG 
optimization problem causes an expensive computational burden due to evaluating and 
updating the Jacobians and Hessians iteratively.  This is reflected in a longer convergence 
time and larger computing capacities.  In order to accommodate the power flow sub-problem, 
a radial load flow subroutine is developed and augmented in the main SQP algorithm. This 
incorporation enhances the convergence characteristics and the computation time of the 
algorithm.  An iterative technique known as the backward-forward sweep technique is applied 
to solve the radial load flow sub-problem. This is to add all voltage drops in the forward 
sweep while load currents are summed in the backward sweep [29-30]. The backward sweep 
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where 
sec p
I  is the current through section p, 
NB is the total number of buses, 
iL
I  is the load current at bus i. 
The voltage profile of the system buses is computed in the forward sweep according to: 
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where 
mV   is the voltage at bus m, 
/S SV  is the substation rated voltage, 
NS is the total number of sections. 
kV  is the voltage drop across section k. 
A preset threshold of tolerance, ε, is used to determine the convergence of the radial load 
flow process depending on the discrepancy of the elements in the voltage magnitude and 
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v is the v
 th
 iteration,  
^ is the “and” symbol, 

  is the vector ∞-norm. 
    is the real part of complex value, 
    is the imaginary part of complex value. 
IV.  Simulation Results and Discussion 
A case study of a 69–bus Radial Distribution System (RDS–69) is considered to 
demonstrate the effectiveness of the proposed approach. This practical system is provided in 
[31], and shown in Figure 2. The reference bus, which is at the substation, has a nominal 
voltage of 12.66 kV, while the power demand is considered to be 3802.19 kW and 2694.60 
kVAR.  
  
Fig. 2.  69–bus radial distribution system case study. 
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The obtained results based on the IRI and RPRI indexes are shown in Table1, which lists 
the ten buses with higher sensitivity. These findings are compared to those found in [32]. 
Table2 suggests different bus arrangement according to the sensitivity analysis index with 
respect to both real and reactive powers. Consequently, to deal with any practical situation 
that prevents DG installation according to Table 1, then the arrangement shown in Table 2 can 
be considered. Obviously, the active power loss will be minimized when installing the 
optimal-sized DG at the most sensitive bus in the network, bus 61, which has the minimum 
objective function as verified for the same system in [18] and [32].  
 











0.23613 61 0.07125 61 0.20005 61 
0.05938 64 0.01843 64 0.06321 64 
0.02826 21 0.00625 21 0.02455 21 
0.01847 65 0.00532 65 0.02004 65 
0.01838 59 0.00504 59 0.02001 59 
0.01329 12 0.00327 17 0.01847 18 
0.01273 18 0.00321 18 0.01846 17 
0.01272 17 0.00317 12 0.01734 12 
0.01326 50 0.00311 43 0.00845 14 
0.01014 49 0.00304 49 0.00807 20 
According to the results obtained, the optimal DG location is bus 61 which is assumed to 
have a power factor of 0.86 lag. The optimal size of the DG for a minimum power losses is 
1887.42kW. This resulted in a reduction of the system power loss from 230 kW before 
installing the DG to 19.93 kW after the installation.  
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  TABLE 2: RDS-69 SENSITIVITY INDEXES 
Bus SAIp SAIq 
64 0.182896 0.119065 
63 0.181965 0.118255 
62 0.178883 0.115574 
61 0.178262 0.115034 
60 0.177802 0.114634 
59 0.165991 0.104362 
58 0.157342 0.096839 
57 0.150181 0.090612 
56 0.132163 0.074940 
26 0.106732 0.052821 
25 0.106702 0.052795 
In order to investigate the effect of power factor variation on the system power losses, the 
power factor is also optimized. However, according to the results shown in Table3, there is no 
significant effect on the network power losses. Therefore, it is practically adequate to consider 
the same power factor assumed above. 










0.75 24.11 0.82 22.75 0.89 24.23 
0.76 24.02 0.83 22.21 0.90 24.02 
0.77 23.98 0.84 22.06 0.91 25.33 
0.78 23.78 0.85 22.18 0.92 25.97 
0.79 23.94 0.86 22.36 0.93 26.45 
0.80 23.74 0.87 23.84 0.94 27.13 
0.81 23.14 0.88 23.62 0.95 29.35 
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To demonstrate the superiority of the proposed ESQP with regard to the computation time 
required it was compared t o the execution time of the original SQP method. It is found the 
time for the ESQP method was 3.11 seconds while it took the conventional SQP method 
12.54 seconds, which is obviously a significant reduction. 
V.  Conclusions 
The optimization nonlinear problem of DG size and placement is explored in this paper. 
The problem has been addressed by considering two sensitivity and stability indexes which 
are the Impedance Ratio Index (IRI) and the Real Power Ratio Index (RPRI). Furthermore, 
the two Sensitivity Analysis Indexes (SAI) with respect to real and reactive power have also 
been utilized to account for some practical situations. An ESQP algorithm is proposed and 
implemented to find the optimal configuration for the DG installation. Specified and 
unspecified power factors are taken into consideration to explore their effect on the real power 
losses when installing the optimal-sized DG at the most sensitive candidate bus. The result 
have been tabulated and the effectiveness of the proposed approach have been demonstrated. 
Execution time requirement for the proposed technique has been reduced significantly 
compared to the typical well-known SQP.      
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